Abstract. Let G be a countable amenable group containing subgroups of arbitrarily large finite index. Given a polyhedron P and a real number ρ such that 0 ≤ ρ ≤ dim(P ), we construct a closed subshift X ⊂ P G having mean topological dimension ρ. This shows in particular that mean topological dimension of compact metrisable G-spaces take all values in [0, ∞].
Introduction
Mean topological dimension is a numerical invariant of dynamical systems which has been introduced by M. Gromov [Gro] for studying dynamical properties of spaces of harmonic maps and other spaces coming from geometry. In the case of Z-actions, mean topological dimension has been used by E. Lindenstrauss and B. Weiss [LiW] to prove the existence of a minimal Z-action on a compact metrisable space which cannot be embedded in the shift on [0, 1] Z . That answered a question which had remained open for many years in the theory of dynamical systems (see [Aus] ).
Let G be a countable amenable group acting by homeomorphisms on a compact metrisable space X. The mean topological dimension mdim(X, G) ∈ [0, ∞] of the dynamical system (X, G) is defined by an averaging process which involves the Ornstein-Weiss convergence theorem (see sections 2 and 3 for details). When X is a closed subshift of the G-shift on K The groups Z n , n ≥ 1, infinite finitely-generated nilpotent groups and, more generally, infinite polycyclic groups (see [Rob] ) all satisfy the hypotheses of Theorem 1.1. In fact, let us note that if a group is infinite and residually finite then it contains subgroups of arbitrarily large finite index. By a result of Mal'cev [Mal] , every finitely-generated group which is linear over C (i.e., isomorphic to a subgroup of GL n (C) for some integer n ≥ 0) is residually finite. On the other hand, it follows from Tits' alternative that every finitely-generated group which is linear over C and does not contain a free subgroup of rank 2 is virtually solvable and hence amenable. Therefore, every infinite finitely-generated group which is linear over C and does not contain a free subgroup of rank 2 satisfies the hypotheses of Theorem 1.1. There are also finitelygenerated, residually finite, amenable groups which are not linear. The first Grigorchuk group provides an example of such a group (see [Har] ). An example, due to P. Hall, of a finitely-generated solvable (and hence amenable) group which is not residually finite is given in [Rob, exerc. 15.4.6] . However, this group contains subgroups of arbitrarily large finite index since it admits a surjective homomorphism onto Z.
There exist polyhedra of any dimension n ∈ N (e.g. P = [0, 1] n ). On the other hand, the G-shift on K G , where K is the Hilbert cube [0, 1] N , has infinite mean topological dimension (see Corollary 5.6). Therefore, we deduce from the preceding theorem the surjectivity of topological mean dimension for actions of countable amenable groups containing subgroups of arbitrarily large finite index. More precisely, we obtain the following. 
The paper is organized as follows. In section 2 we collect some basic facts about amenable groups and dimension theory. We give two equivalent definitions of mdim(X, G) in section 3. The first one is purely topological and is the one used in [LiW] . The second one is (almost the same as) the one given in [Gro] and requires the choice of a metric on X. In section 4 we study general properties of mean topological dimension of closed subshifts of K G . Here the symbol space K is a compact metrisable space. The notion of a subshift of block type associated with a subgroup of finite index H ⊂ G is introduced in section 5. When P is a polyhedron and G contains a normal subgroup of index ν < ∞, we show how to construct, for every integer r such that 0 ≤ r ≤ ν, a subshift of block type in P G having mean topological dimension r/ν dim(K). This is used in section 6 to obtain the closed subshift X ⊂ P G of Theorem 1.1. We start from a decreasing sequence
The subshift X is the intersection of an appropriate decreasing sequence of subshifts
is a subshift of block type associated with H n and mdim(Z (n) , G)/ dim(P ) is the upper approximate of ρ/ dim(P ) up to 1/ν n taking ν 0 , ν 1 , ν 2 , . . . as a base sequence.
Background material and preliminary results
Amenable groups. (cf. [Gre] , [OrW] , [Gro] ) Let G be a countable group (e.g. a finitely-generated group). Let P(G) denote the set of subsets of G. The group G is said to be amenable if there exists a map µ : P(G) → [0, 1] satisfying the following conditions:
Let F(G) denote the set of non-empty finite subsets of G. A theorem of Følner [Føl] says that the group G is amenable if and only if there exists a sequence (F n ) n∈N of elements of F(G) such that
where
is the symmetric difference of the sets A and B, and |A| is the cardinality of A. A sequence (F n ) of elements of F(G) satisfying (2.1) is called a Følner sequence of G. The class of countable amenable groups includes finite groups, countable solvable groups and finitely-generated groups of subexponential growth. It is closed under the operations of taking subgroups, taking factors, taking extensions and taking increasing unions.
The following limit theorem for invariant sub-additive functions on finite subsets of amenable groups is due to Ornstein and Weiss (see [OrW] , [LiW] , [Gro] ). It plays a central role in the definition of mean topological dimension and other dynamical invariants such as topological entropy.
Theorem 2.1 (Ornstein-Weiss). Let G be a countable amenable group. Let φ : F(G) → R be a map satisfying the following properties:
Then there is a real number λ = λ(G, φ) ≥ 0 depending only on G and φ such that
Definition and properties of D(α). (cf. [HuW] , [LiW] ) Let X be a compact metrisable space. Let α = (U i ) i∈I be a finite open cover of X. The order ord(α) of α is defined by
One says that a finite open cover β = (V j ) j∈J of X is finer than the finite open cover α = (U i ) i∈I , and one writes β α, if for every j ∈ J there is some i ∈ I such that V j ⊂ U i .
We define the integer D(α) by
where β runs over all finite open covers of X such that β α. Note that we have 
A polyhedron is a topological space which is homeomorphic to the geometric realization of a finite simplicial complex.
Lemma 2.4. Let α be a finite open cover of X. Then one can find a polyhedron P with dim(P ) = D(α) such that there exists an α-
Proof. Consider a finite open cover β = (V j ) j∈J of X such that β α and ord(β) = D(α). Let P denote the geometric realization of the nerve of β. We have dim(P ) = ord(β) = D(α). Let us choose a partition of unity (f j ) j∈J adapted to β, i.e., a family of continuous functions
is β-compatible by Lemma 2.3. As β α, the map f is also α-compatible.
Let α = (U i ) i∈I and β = (V j ) j∈J be finite open covers of X. The join of α and β is the finite open cover
Lemma 2.5. Let α and β be finite open covers of X. Then D(α∨β) ≤ D(α) + D(β).
Proof. By Lemma 2.4, we can find an α-compatible continuous map f : X → P and a β-compatible continuous map g : X → Q, where P and Q are polyhedra such that dim
Definition and properties of dim (X, d). (cf. [Gro]) Let (X, d) be a compact metric space and let
where the minimum is taken over all compact metrisable spaces K such that there exists a continuous -injective map f : X → K.
2) Consider a finite cover α of X consisting of open balls of radius /2. By Lemma 2.4, we can find a polyhedron P with dim(P ) = D(α) such that there exists a continuous map f :
3) The function → dim (X, d) is non-increasing since everyinjective map is -injective for all > . Lemma 2.6. Let (X , d ) be a compact metric space such that there exists a continuous map ϕ : X → X which satisfies (y) is contained in some element of α for all y ∈ K. Therefore f is α-compatible by Lemma 2.3. Applying Lemma 2.2, we get
Corollary 2.8. Let P be a polyhedron and let ρ be a metric on P which is compatible with the topology. For each n ∈ N, let ρ n denote the metric on P n defined by
Then there is a constant
by the sup-norm. For each n ∈ N, let ρ n be the metric on P n defined by
Observe that ρ n is the metric induced on P n ⊂ R nN by the sup-norm.
On the other hand, it follows from Proposition 2.7 dim (C n , ρ n ) = nδ for all ≤ 1. This shows that dim (P n , ρ n ) ≥ nδ for all ≤ 1. By compactness of P , we can find 0 such that all p, q ∈ P such that ρ(p, q) ≤ 0 satisfy ρ (p, q) ≤ 1. From the definition of ρ n and ρ n , it follows that all x, y ∈ P n such that ρ n (x, y) ≤ 0 satisfy ρ n (x, y) ≤ 1. This implies that for all ≤ 0 we have
and completes the proof of Corollary 2.8.
Mean topological dimension
In this section we assume that G is a countable amenable group acting by homeomorphisms on a compact metrisable space X. 
Definition of mdim(X, G). Let F(G)
(i) D(α A ) ≤ D(α B ) for all A, B ∈ F(G) such that A ⊂ B, (ii) D(α A∪B ) ≤ D(α A )+D(α B ) for all A, B ∈ F(G) such that A∩B = ∅, (iii) D(α Ag ) = D(α A ) for all g ∈ G and A ∈ F(G).
Proof. Property (i) follows from the fact that
by Lemma 2.5. This shows (ii). Property (iii) follows from the fact that the homeomorphism
where (F n ) is a Følner sequence of G. It follows from Theorem 2.1 and Lemma 3.1 that the above limit exists, is finite and does not depend on the choice of the Følner sequence (F n ).
where α runs over all finite open covers of X.
Metric approach of mdim(X, G). Let d be a metric on X which is compatible with the topology.
For A ∈ F(G) let d A be the metric on X defined by
Clearly d A is compatible with the topology on X.
Lemma 3.2. Let > 0. Then one has:
Proof. Property (i) is an immediate consequence of Lemma 2.6 applied to the identity map (
Let K and L be compact metrisable spaces, and let f : X → K and g : X → L be continuous maps. Assume that f is -injective with respect to the metric d A and that g is -injective with respect to the metric d B . Then the map
) is clearly -injective with respect to the metric max
by a classical result in dimension theory (see for example [HuW] ), this gives (ii). Property (iii) follows from the fact that the map x → gx is an isometry between the metric spaces (X, d Ag ) and (X, d A ).
We define the number mdim (X, d, G) by
where (F n ) n∈N is a Følner sequence of G. It follows from Theorem 2.1 and Lemma 3.2 that the above limit exists, is finite and does not depend on the choice of the Følner sequence (F n ).
Theorem 3.3. Let X be a compact metrisable space and let G be a countable amenable group acting by homeomorphisms on X. Let d be a metric on X compatible with the topology. Then one has
Proof. Let α = (U i ) i∈I be a finite open cover of X. As X is compact, α admits a Lebesgue number, i.e., a real number λ > 0 such that every subset of X whose d-diameter is not greater than λ is contained in some U i . Let us show that 
Letting n tend to infinity, we obtain
Since the map → mdim (X, G) is non-increasing, this implies
Therefore we have
Let us show now the inequality
to complete the proof of (3.2). Let > 0. Consider a finite open cover β = (B j ) j∈J of X consisting of open d-balls of radius /2. Let A ∈ F(G). By Lemma 2.4, we can find a polyhedron P with dim(P ) = D(β A ) and a continuous map f : X → P which is β A -compatible. Let y ∈ P . Since f is β A -compatible, the set f −1 (y) is contained in some element of β A . Therefore, for all g ∈ A, there is a ball B i such that gf −1 (y) ⊂ B i . This implies that f is -injective with respect to the metric d A . Therefore we have
Letting n tend to infinity, this gives
This yields (3.4) by letting tend to 0.
Proposition 3.4. Let Y be a closed G-invariant subset of X. Then one has mdim(Y, G) ≤ mdim(X, G).
Proof. Let A ∈ F(G) and > 0. If f : X → K is -injective with respect to the metric d A , then so is the restriction of f to Y . Therefore
Letting tend to 0, this gives mdim(Y, G) ≤ mdim(X, G).

Shifts and subshifts
Let G be a countable amenable group and let K be a compact metrisable space. The full G-shift with space of symbols K is the dynamical system given by the (left) action of G on the product space K G defined by
Let us note that K G is compact and metrisable since it is a countable product of compact metrisable
The following result is the "Pro-Mean Inequality" in [Gro, Prop. 1.9 .A]. 
Proof. Let us choose a metric d on K
G which is compatible with the topology. Let > 0. By compactness of K G , we can find a subset
Therefore f is -injective with respect to the metric d F . Hence we have
As AF \ F = F (AF ), this gives us
Consider now a Følner sequence (F n ) n∈N . Inequality (4.2) gives
it follows from (2.1) that we have
Therefore, by letting n tend to infinity in (4.3), we obtain
Using Theorem 3.3, this gives (4.1) by letting tend to 0.
) for all n, m ≥ 1, it follows from a classical result on sub-additive sequences that the sequence dim(K n )/n converges and that
Applying the preceding proposition to X = K G , we obtain the following.
Corollary 4.2. Assume that G is infinite. Then for all compact metrisable space K, one has
In particular, one has mdim(K
Subshifts of block type
Let G be a countable amenable group. Let H be a subgroup of finite index of G. Let us fix a complete set of left coset representatives of H, that is, a subset C ⊂ G such that the map from C × H to G defined by (c, h) → ch is a bijection. We know that H is amenable since every subgroup of an amenable group is itself amenable. The following proposition shows how to construct a Følner sequence of G from a Følner sequence of H.
In the proof of Proposition 5.1 we will use the following fact which immediately follows from the definition of .
Lemma 5.2. Let (A i ) i∈I and (B i ) i∈I be two families of sets such that
Then one has
Proof of Proposition 5.1. Let g ∈ G. Since G acts by left multiplication on the set of left cosets of H, there is a permutation σ : C → C and a map ρ : C → H such that
We have
Using Lemma 5.2, we get
Thus we have
This shows that
Let K be a compact metrisable space. Let B be a closed subset of K 
Proof. Let h ∈ H and g ∈ G. Let us show that
We first observe that
For each c ∈ C, the space π ch (gX 0 ) is naturally homeomorphic to π chg (X 0 ). Since H is normal in G, there is an element h ∈ H such that hg = gh . The space π chg (X 0 ) = π cgh (X 0 ) is homeomorphic to π cg (h X 0 ). As X 0 is H-invariant, we have h X 0 = X 0 . Thus π ch (gX 0 ) is homeomorphic to π cg (X 0 ). On the other hand, there is a permutation σ : C → C and a map η :
This shows (5.1).
Let L ∈ F(H).
Hence, by the sum theorem for dim (see for example [HuW] ),
On the other hand, we have
Applying inequality (5.1), we get
Consider now a Følner sequence (L n ) n∈N of H. We know that (CL n ) n∈N is a Følner sequence of G by Proposition 5.1. Therefore, we have
This shows that mdim(X, G) ≤ dim(B)/(G : H).
Theorem 5.4. Let G be a countable amenable group. Let P be a polyhedron and let p 0 ∈ P . Let H be a normal subgroup of finite index of G and let C be a complete set of representatives of G mod H. Let R ⊂ C and consider the closed subset B ⊂ P C defined by
the closed subshift of block type associated with (H, C, B). Then one has
Proof. To simplify, let us set δ = dim(P ), r = |R| and ν = (G : H). Applying Lemma 5.3, we get mdim(X, G) ≤ rδ/ν since dim(B) = dim(P R ) = rδ. Thus, it suffices to show that
Consider a metric ρ on P which is compatible with the topology. Since G is countable, we can find a family (α g ) g∈G of positive real numbers such that g∈G α g < ∞ and
Observe that we have
Let ρ A denote the metric on P A given by
Consider the topological embedding ψ
Let (L n ) n∈N be a Følner sequence for the group H and consider the Følner sequence(
, the map ψ RLn gives a topological embedding of P RL n in X. One has
for all u, v ∈ P RL n by (5.5). Applying Lemma 2.6 to the map
for all > 0. By Corollary 2.8, we can find a constant 0 = (P, ρ), which does not depend on n, such that
|F n | ≥ rδ ν for all n ∈ N and ≤ 0 . Letting n tend to ∞, we get mdim (X, d, G) ≥ rδ/ν for all ≤ 0 . We obtain (5.3) by letting tend to 0.
By taking R = C, we get X = P G . Thus we have the following. 
Construction of a closed subshift with prescribed mean topological dimension
We can prove now our main result.
Proof of Theorem 1.1. Let ζ = ρ/ dim(P ). If ρ = dim(P ), we can take X = P G by Corollary 5.5. Thus, we can assume ζ < 1. Since G contains subgroups of arbitrarily large finite index, we can find a sequence (H n ) n∈N of normal subgroups of finite index of G such that H 0 = G, H n+1 ⊂ H n and H n+1 = H n for all n ∈ N. Consider the sequence of positive integers (ν n ) n∈N defined by ν n = (G : H n ). We have ν 0 = 1 and ν n+1 /ν n = (H n : H n+1 ) ≥ 2 for all n ∈ N. Thus we can use (ν n ) as a base sequence to get approximates of ζ up to 1/ν n (see e.g. [Bou, IV p. 40] ). These approximates are obtained as follows. Let a n denote the integral part of ν n ζ and let b n = a n +1. Then u n = a n /ν n and v n = b n /ν n satisfy (6.1)
for all n ∈ N. Furthermore, the sequences (u n ) and (v n ) both converge to ζ. Let us choose, for each n ∈ N, a complete set C n ⊂ G of left coset representatives of G mod H n . Let µ n : C n+1 → C n denote the map which associates to each element of C n+1 its left representative mod H n . Notice that µ n is surjective and that µ −1 n (c) is of cardinality ν n+1 /ν n for each c ∈ C n . We have a n ≤ b n , a n ν n+1 /ν n ≤ a n+1 and b n+1 ≤ b n ν n+1 /ν n for all n by (6.1). Therefore, starting from I 0 = ∅ and J 0 = C 0 , we can (non-uniquely) construct by induction subsets I n ⊂ J n ⊂ C n such that (P1) |I n | = a n , (P2) |J n | = b n , , G) ≤ mdim(X, G) for all n ∈ N. Letting n tend to infinity, this gives (6.3) ρ = ζ dim(P ) ≤ mdim(X, G).
Inequalities (6.2) and (6.3) imply mdim(X, G) = ρ.
